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ON THE LATTICE STRUCTURE OF WEAKLY CONTINUOUS
OPERATORS ON THE SPACE OF MEASURES
MORITZ GERLACH AND MARKUS KUNZE
Abstract. Consider the lattice of bounded linear operators on the space of
Borel measures on a Polish space. We prove that the operators which are con-
tinuous with respect to the weak topology induced by the bounded measurable
functions form a sublattice that is lattice isomorphic to the space of transi-
tion kernels. As an application we present a purely analytic proof of Doob’s
theorem concerning stability of transition semigroups.
1. Introduction
Classical function spaces, such as Lp(Ω,Σ, µ), the space of p-integrable functions
on a measure space (Ω,Σ, µ), come with a natural ordering, which renders them
into Banach lattices. While it is clear how to compute the modulus of functions, the
situation changes when one considers operators on Banach lattices, ordered by the
cone of positive operators. Indeed, regular operators on a general Banach lattice
need not have a modulus unless the space is order complete. Moreover, even if the
modulus exists, it is in general not clear how to compute it.
The situation improves when one restricts to certain classes of operators. For
instance, if a regular operator T on Lp(Ω,Σ, µ) is of the form
(Tf)(x) =
∫
Ω
k(x, y)f(y) dµ(y)
for a measurable functions k : Ω× Ω→ R, the modulus of T is given by
(|T |f)(x) =
∫
Ω
|k(x, y)|f(y) dµ(y).
Operators of this form are often called kernel operators and can be identified with
the band generated by the finite rank operators [14, Prop IV.9.6]. Moreover, kernel
operators are characterized by an additional continuity condition due to Bukhvalov
[2] and appear naturally in the theory of partial differential equations, see for ex-
ample [12].
In the study of Markov processes one is interested in certain operators on the
space of measures which describe the evolution of distributions. The probabilistic
literature also uses the name kernel operators for these operators since they are
associated with a transition kernel in the sense of Definition 2.1 below. To distin-
guish them from kernel operators in the sense above, we call them weakly continuous
operators as they are also characterized by a continuity condition, see Lemma 2.3.
In Section 2 we show that the modulus of a transition kernel is again a transition
kernel. Consequently, the weakly continuous operators form a lattice. In Section
3 we consider the weakly continuous operators as a subspace of all regular opera-
tors on the space of measures and prove that they are a countably order complete
sublattice. Hence, as for kernel operators, the computation of lattice operations
of weakly continuous operators reduces to the corresponding lattice operations for
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their transition kernels. However, in contrast to kernel operators, weakly continuous
operators are not an ideal, see Example 3.4.
As an application of our results we give a purely analytic proof of a version of
Doob’s theorem concerning the stability of one-parameter semigroups operating on
the space of measures, which is due to Stettner [16, Thm 1], see also [15]. Our
strategy is similar to the one in [7], however due to the abstract results of Sections
2 and 3 the proof simplifies as we can work directly within the lattice of weakly
continuous operators. This complements recent results about mean ergodicity of
semigroups of weakly continuous operators, see [6].
2. The Lattice of Weakly Continuous Operators
Throughout, Ω denotes a Polish space and B(Ω) its Borel σ-algebra. We denote
by M (Ω), Bb(Ω) and Cb(Ω) the spaces of signed measures on B(Ω), the space of
bounded, Borel-measurable functions on Ω and the space of bounded continuous
functions on Ω, respectively. We denote by 〈 · , · 〉 the duality between Bb(Ω) and
M (Ω).
Definition 2.1. A transition kernel on Ω is a map k : Ω×B(Ω)→ R such that
(a) A 7→ k(x,A) is a signed measure for every x ∈ Ω and
(b) x 7→ k(x,A) is a measurable function for every A ∈ Σ.
The total variation of the measure k(x, · ) is denoted by |k|(x, · ). The transition
kernel k is called bounded if supx∈Ω|k|(x,Ω) <∞.
We order the transition kernels on Ω pointwise, i.e. k1 ≤ k2 if and only if
k1(x,A) ≤ k2(x,A) for all x ∈ Ω and A ∈ B(Ω). With this ordering, the tran-
sition kernels form a lattice, as we show in Proposition 2.2 below. In its proof,
we use the strict topology β0 on Cb(Ω) that is defined as follows. Let F0 be
the space of functions ϕ on Ω which vanish at infinity, i.e. given ε > 0 there
exists a compact set K with |ϕ(x)| ≤ ε for all x ∈ Ω \ K. The strict topol-
ogy β0 on Cb(Ω) is the locally convex topology generated by the set of seminorms
{pϕ : ϕ ∈ F0} where pϕ(f) := ‖ϕf‖∞. This topology is consistent with the duality,
i.e. (Cb(Ω), β0)
′ = M (Ω), see [10, Thm 7.6.3], and it coincides with the compact
open topology on norm bounded subsets of Cb(Ω) [10, Thm 2.10.4]. Important for
the following proof is especially the fact that the lattice operations on Cb(Ω) are
β0-continuous, which follows from [13, V 7.1] since in the strict topology the origin
has a neighborhood base of solid sets.
Proposition 2.2. If k : Ω × B(Ω) → R is a transition kernel, then also |k| :
Ω×B(Ω)→ [0,∞) is a transition kernel.
Proof. It is well-known that on a Polish space Ω the space Cb(Ω) of bounded and
continuous functions is norming for the measures, see, e.g., [11, Example 2.4]. We
thus have
|k|(x,Ω) = sup
f∈Cb(Ω)
‖f‖≤1
|〈f, k(x, · )〉|(2.1)
which remains obviously true if we replace Ω with a closed subset F of Ω. Now we
construct a countable set D independent of x such that (2.1) holds even if we take
the supremum only over the set D. It then follows that x 7→ |k|(x, F ) is measurable
for every closed set F as a supremum of countable many measurable functions.
A monotone class argument then shows that x 7→ |k|(x,A) is measurable for all
A ∈ B(Ω).
So fix a closed set F ⊂ Ω. By [11, Thm 6.3] there exists a countable set M ⊂
Cb(F ) such that for all measures µ ∈ M (F ), µ 6= 0, there exists f ∈ M with
〈µ, f〉 6= 0.
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We denote by S := spanQM the linear span of M with rational coefficients.
Obviously, the β0-closure of S is the same as the β0-closure of spanM , which is
dense in Cb(F ). Indeed, if g ∈ Cb(F ) does not belong to the β0-closure of spanM ,
then, by the Hahn-Banach theorem, we find µ ∈ M (F ) such that 〈µ, f〉 = 0 for all
f ∈ spanM whereas 〈µ, g〉 6= 0. Since µ vanishes in particular on the separating set
M , it follows that µ = 0 — a contradiction.
Now we define D := {f ∧1∨(−1) : f ∈ S}. Since S is β0-dense in Cb(F ) and the
lattice operations are β0-continuous, D is β0-dense in the closed unit ball of Cb(F ).
Let x ∈ Ω and f ∈ Cb(F ), ‖f‖ ≤ 1. Given ε > 0 we find g ∈ D such that
|〈g − f, k(x, · )〉| ≤ ε. Hence,
|〈f, k(x, · )〉| ≤ |〈g, k(x, · )〉|+ ε ≤ sup
g∈D
|〈g, k(x, · )〉|+ ε
≤ sup
g∈Cb(F )
‖g‖≤1
|〈g, k(x, · )〉|+ ε = |k|(x,A) + ε.
From this it follows that
|k|(x,A) = sup
f∈D
|〈f, k(x, · )〉|
as desired. This finishes the proof. 
To each bounded transition kernel k, we can associate an operator T ∈ L (M (Ω))
by setting
(2.2) (Tµ)(A) :=
∫
Ω
k(x,A) dµ(x) .
The following characterization of operators of this form follows from Propositions
3.1 and 3.5 of [11].
Lemma 2.3. Let T ∈ L (M (Ω)). The following are equivalent:
(i) There exists a bounded transition kernel k such that T is given by (2.2).
(ii) The norm adjoint T ∗ of T leaves Bb(Ω) invariant.
(iii) The operator T is continuous in the σ(M (Ω), Bb(Ω)) topology.
Definition 2.4. We call an operator weakly continuous if it satisfies the equivalent
conditions in Lemma 2.3. In this case, the transition kernel k from (i) of the Lemma
is called the associated transition kernel. We write L (M (Ω), σ) for the space of
weakly continuous operators.
Now let T1, T2 be weakly continuous operators with associated transition kernels
k1, k2. Noting that 〈1A, Tjδx〉 = kj(x,A) for j = 1, 2, we see that T1 ≤ T2 as opera-
tors on M (Ω) if and only if k1 ≤ k2 as transition kernels. Thus the correspondence
between a weakly continuous operator and its transition kernel is actually a lat-
tice isomorphism. We thus obtain immediately from Proposition 2.2 the following
result.
Theorem 2.5. The space L (M (Ω), σ) is a lattice in its natural ordering inherited
from L (M (Ω)).
The question arises whether also the σ(M (Ω), Cb(Ω))-continuous operators form
a lattice. Equivalently, if the norm adjoint of a weakly continuous operator T with
transition kernel k leaves the space Cb(Ω) invariant, does the same hold for the
operator given by the kernel |k|? The following example shows that this is not the
case.
Example 2.6. We consider the set Ω = (−N)∪N∪{∞}, where the neighborhoods of
the extra point∞ are exactly the sets which contain a set of the form {∞}∪{n, n+
1, . . . } ∪ {−n,−(n+ 1), . . .} for some n ∈ N, whereas all other points are isolated.
Note that Ω is homeomorphic with the space {0,±n−1 : n ∈ N} endowed with the
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topology inherited from R. Thus Ω is Polish. We also note that a bounded function
f : Ω → R is continuous if and only if f(n) → f(∞) and also f(−n) → f(∞) as
n→∞.
Now we define the transition kernel
k(n, · ) :=
{
δn − δn+1 n ∈ N
0 n ∈ (−N) ∪ {∞}.
Then
|k|(n, · ) =
{
δn + δn+1 n ∈ N
0 n ∈ (−N) ∪ {∞}.
Let T, U ∈ L (M (Ω), σ) denote the operators associated with k and |k|, respectively.
Then T ∗Cb(Ω) ⊂ Cb(Ω). However, U
∗ maps the continuous function 1Ω to the func-
tion 21N which is not continuous. This shows that the σ(M (Ω), Cb(Ω))-continuous
operators do not form a sublattice of the σ(M (Ω), Bb(Ω))-continuous operators.
Moreover, there exists no modulus of T in the σ(M (Ω), Cb(Ω))-continuous opera-
tors. Indeed, if S was such a modulus, then the transition kernel of S has to coincide
with |k| on N ∪ (−N). In particular S∗1Ω(n) = 21N(n) for n 6=∞. But this shows
that S∗1Ω cannot be continuous — a contradiction.
3. Weakly Continuous Operators as a Sublattice of L (M (Ω))
Since M (Ω) is a L-space, every bounded linear operator on M (Ω) is regular
and L (M (Ω)) forms a Banach lattice with respect to the natural ordering, see [14,
Thm IV 1.5]. Thus, every weakly continuous operator has a modulus in L (M (Ω)).
A natural question is whether this modulus can be different from the modulus in
the space of weakly continuous operators. This is not the case. In the following
we show that the weakly continuous operators form a sublattice of L (M (Ω)).
More precisely, we show that for T ∈ L (M (Ω), σ), the positive part T+, taken
in the vector lattice L (M (Ω)), is again weakly continuous. Moreover, if k is the
transition kernel associated to T , then T+ is associated to the transition kernel
k+ = (|k| − k)/2.
We recall that the positive part within L (M (Ω)) of a weakly continuous operator
T with associated transition kernel k is given by
T+µ = sup
0≤ν≤µ
Tν = sup
0≤ν≤µ
∫
Ω
k(x, · ) dν(x) = sup
0≤g≤1
∫
Ω
g(x)k(x, · ) dµ(x)(3.1)
for every positive measure µ.
Lemma 3.1. Let k be a transition kernel, α > 0 and let U = {Bn : n ∈ N} be a
countable basis of the topology on Ω that is closed under finite unions. Then
{k+( · ,Ω) > α} =
⋃
n∈N
{k( · , Bn) > α}.
Proof. If k(x,Bn) > α for some x ∈ Ω and n ∈ N, then clearly k+(x,Ω) ≥
k+(x,Bn) ≥ k(x,Bn) > α. This shows the inclusion “⊃”.
Conversely, let x ∈ Ω with k+(x,Ω) > α be given. We consider the Hahn
decomposition Ω = Ω+ ∪ Ω− of the measure k(x, · ). By assumption k(x,Ω+) =
k+(x,Ω) > α. Since the measure k(x, · ) is regular, there exists an open superset
U ⊃ Ω+ with k(x, U) > α. Since U is closed under finite unions, using the regularity
of k(x, · ) again, we find a base set Bn ∈ U with p(x,Bn) > α. 
Lemma 3.2. Let T ∈ L (M (Ω), σ) with associated transition kernel k. Let α > 0
and A ∈ B(Ω) such that α1A < k+( · ,Ω). Then
(T+µA)(Ω) ≥ αµ(A)
where µA denotes the measure µ(A ∩ · ).
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Proof. Let (Bn)n∈N be a countable basis of the topology on Ω that is closed under
finite unions. We define En := A ∩ {k( · , Bn) > α} for n ∈ N. Then Lemma 3.1
yields that
A = A ∩ {k+( · ,Ω) > α} =
⋃
n∈N
En.
Defining Ω1 := E1 and Ωn := En \ (∪k<nEk) for n > 1 we obtain a decomposition
of A in disjoint sets. Fix ε > 0. By the regularity of µ we find an index N ∈ N with
µ
( ⋃
n≤N
Ωn
)
≥ µ(A) −
ε
α
.
We now refine the sets B1, . . . , BN further. We find disjoint Borel sets B˜1, . . . , B˜M
such that (i) given m ≤ M and n ≤ N the set B˜m is either contained in Bn or
disjoint from Bn and (ii) we have⋃
m≤M
B˜m =
⋃
n≤N
Bn.
We let N(m) := {n ≤ N : B˜m ⊂ Bn} so that Bn is the disjoint union of those B˜m
where n ∈ N(m). By choosing g in (3.1) as the characteristic of the set ∪n∈N(m)Ωn,
we find that
(T+µA)(Ω) ≥
M∑
m=1
(T+µA)(B˜m) ≥
M∑
m=1
∫
⋃
n∈N(m) Ωn
k(x, B˜m) dµ(x).
Since the sets Ωn as well as the sets B˜m are disjoint, we have that
M∑
m=1
∫
⋃
n∈N(m) Ωn
k(x, B˜m) dµ(x) =
M∑
m=1
∑
n∈N(m)
∫
Ωn
k(x, B˜m) dµ(x)
=
N∑
n=1
∑
m≤M
n∈N(m)
∫
Ωn
k(x, B˜m) dµ(x)
=
N∑
n=1
∫
Ωn
k(x,Bn) dµ(x).
As k( · , Bn) > α on Ωn, we conclude that
N∑
n=1
∫
Ωn
k(x,Bn) dµ(x) > αµ
( ⋃
n≤N
Ωn
)
≥ αµ(A) − ε
which completes the proof. 
Theorem 3.3. The L (M (Ω), σ) is a sublattice of L (M (Ω)).
Proof. Let T ∈ L (M (Ω), σ) with associated transition kernel k. We denote by S
the weakly continuous operator with transition kernel k+ and we prove that T
+ = S.
To that end, let µ > 0. Since it follows easily from (3.1) that T+µ ≤ Sµ, it suffices
to show that (T+µ)(Ω) = (Sµ)(Ω). Let ε > 0 and
f =
M∑
j=1
αj1Aj
be a simple function with coefficients αj > 0 and pairwise disjoint sets Aj ∈ B(Ω)
such that f(x) < k+(x,Ω) for all x ∈ Ω and∫
Ω
(
k+(x,Ω) − f(x)
)
dµ(x) < ε.
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Lemma 3.2 yields that
(T+µ)(Ω) ≥
M∑
j=1
(T+µAj )(Ω) ≥
M∑
j=1
αjµ(Aj)
=
∫
Ω
f(x) dµ(x) ≥
∫
Ω
k+(x,Ω) dµ(x) − ε
= (Sµ)(Ω)− ε.
Hence T+µ = Sµ and thus, since µ was arbitrary, T+ = S ∈ L (M (Ω), σ). 
In contrast to the situation for kernel operators, which can be identified with the
band generated by the finite rank operators as described in the introduction, the
weakly continuous operators are not a band in L (M (Ω)). The following example
shows that they are not even an ideal.
Example 3.4. Let Ω be a Polish space that admits atomless measures, e.g. Ω = R.
Let P : M (Ω) → M (Ω) denote the band projection onto the band of atomless
measures and define φ := P ∗1. Then 0 < φ ≤ 1 and φ ∈ M (Ω)∗ \ Bb(Ω) since
〈φ, δx〉 = 0 for all x ∈ Ω. For a measure µ > 0 consider the positive rank one
operator T := φ⊗µ on M (Ω). Then T ≤ 1⊗µ ∈ L (M (Ω), σ) but T ∗1 = µ(Ω)φ 6∈
Bb(Ω) and hence T 6∈ L (M (Ω), σ).
We conclude this section with an investigation of order completeness of the sub-
lattice L (M (Ω), σ). We prove that this space is σ-order complete but not order
complete. Let us start with a well-known lemma.
Lemma 3.5. Let (µn) be an increasing sequence of positive measures on B(Ω)
and ν ∈ M (Ω) such that µn ≤ ν for all n ∈ N. Then µ := supµn is given by
µ(A) = supµn(A) for all A ∈ B(Ω).
Proof. Let fn denote the density of µn with respect to ν and define f := sup fn.
Then ∫
A
f dν = sup
n∈N
∫
A
fn dν = sup
n∈N
µn(A)
for all A ∈ B(Ω) by the monotone convergence theorem. Therefore, the mapping
A 7→ supµn(A) defines a measure on B(Ω) and thus (supµn)(A) = supµn(A) for
all A ∈ B(Ω). 
Theorem 3.6. Let (Tn) ⊂ L (M (Ω), σ) be a sequence of weakly continuous op-
erators that is order bounded by an element of L (M (Ω)). Then supTn exists in
L (M (Ω)) and is weakly continuous.
Proof. Since M (Ω) is order complete, S := supTn exists in L (M (Ω)). It remains
to show that S ∈ L (M (Ω), σ).
Note that by Theorem 3.3, T1 ∨ · · · ∨ Tn is again weakly continuous. Thus,
replacing Tn by T1 ∨ · · · ∨ Tn − T1 and S by S − T1, we may assume that (Tn)
is increasing and Tn ≥ 0 for all n ∈ N. We denote by kn the transition kernel
associated with Tn. For x ∈ Ω and A ∈ B(Ω) we define
k(x,A) := sup
n∈N
kn(x,A) ≤ (Sδx)(A) ≤ ‖S‖.
Then k( · , A) is measurable for all A ∈ B(Ω) and k(x, · ) is a measure by Lemma
3.5. Hence, k is a bounded transition kernel. Since (Tn) is increasing, we have for
all µ ∈ M (Ω)+ that
(supTn)µ = sup(Tnµ) = sup
n∈N
∫
Ω
kn(x, · ) dµ(x) =
∫
Ω
k(x, · ) dµ(x),
where the last identity follows from Lemma 3.5 and the monotone convergence
theorem. 
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The following example shows that L (M (Ω), σ) is not order complete, i.e. not
every order bounded set has a supremum.
Example 3.7. Let Ω be a Polish space such that there exists an unmeasurable set
E ⊂ Ω, e.g. Ω = R. Let µ ∈ M (Ω) a probability measure. For each x ∈ E we
consider the weakly continuous rank one operator Tx := 1{x} ⊗ µ. Then the set
T := {Tx : x ∈ E} is dominated by 1 ⊗ µ. We show that S := supx∈E Tx is not
weakly continuous. If x ∈ Ω \ E and P is the band projection onto {δx}
⊥⊥, then
S(I − P ) is an upper bound of T and hence (Sδx)(Ω) ≤ (S(I − P )δx)(Ω) = 0.
If x ∈ E, then (Sδx)(Ω) ≥ (Txδx)(Ω) = 1 for all x ∈ E. Therefore, S
∗
1 is not a
measurable function. This proves the claim.
4. Stability of Transition Semigroups
As a consequence of the lattice structure of L (M (Ω), σ), we obtain a version
of Doob’s theorem on convergence of semigroups on the space of measures to a
projection onto their fixed space.
We start with recalling some terminology from [3].
Definition 4.1. Let T = (T (t))t≥0 ⊂ L (M (Ω), σ) be a semigroup of weakly
continuous operators with transition kernels kt such that T (0) = I. Then T is
called Markovian if kt(x, · ) is a probability measure for all x ∈ Ω and t ≥ 0. If
lim
t→0
(T (t)f)(x) = f(x)
for all f ∈ Cb(Ω) and all x ∈ Ω, then T is said to be stochastically continuous. For
t0 > 0, the semigroup T is called t0-regular if the measures kt0(x, · ) and kt0(y, · )
are equivalent for all x, y ∈ Ω.
Remark 4.2. If T = (T (t))t≥0 is t0-regular for some t0 > 0, then T is s-regular
for all s ≥ t0 and the measures ks(x, · ) and kt(y, · ) are equivalent for all s, t ≥ t0
and x, y ∈ Ω. Indeed, for A ∈ B(Ω) and r > 0 we have
kt0+r(x,A) = (T (t0 + r)δx)(A) =
∫
Ω
kt0(y,A)kr(x, dy).(4.1)
Thus, kt0+r(x, · )≪ kt0(y, · ) for all r > 0, x ∈ Ω and y ∈ Ω. Conversely, if
(T (t0 + r)δx)(A) = kt0+r(x,A) = 0
for some A ∈ B(Ω), it follows from (4.1) that kt0(y,A) = 0 for some and hence all
y ∈ Ω.
Our main tool for the proof of Doob’s theorem is a generalized version of a
theorem by Greiner [8, Kor. 3.9] that can be formulated as follows, see [5, Prop
4.1]. Recall that a semigroup on a Banach lattice E is said to be irreducible if the
only closed ideals in E that are invariant under the action of every operator of the
semigroup are E and {0}.
Theorem 4.3. Let T = (T (t))t≥0 be a positive, bounded and irreducible C0-
semigroup on a Banach lattice with order continuous norm E such that fix(T (t))
is independent of t > 0 and nontrivial. Assume that T (r) ∧ T (s) > 0 for some
r > s ≥ 0. Then there exists a strictly positive x′ ∈ fix(T ′) and a quasi-interior
point e ∈ fix(T ) of E+ such that
lim
t→∞
T (t)x = 〈x′, x〉e
for all x ∈ E.
A consequence of this theorem for semigroups of kernel operators can be found
in [1].
Now we are able to prove the announced stability result that is originally due to
Stettner [16, Thm 1] who gave a probabilistic proof.
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Theorem 4.4 (Doob). Let T = (T (t))t≥0 ⊂ L (M (Ω), σ) be a stochastically con-
tinuous Markovian semigroup and let µ ∈ M (Ω) be an invariant probability mea-
sure. If T is t0-regular for some t0 > 0, then
lim
t→∞
T (t)ν = ν(Ω) · µ
in the norm of M (Ω) as t → ∞. Moreover, µ is the unique invariant probability
measure and equivalent to all kt(x, · ) for t ≥ t0 and x ∈ Ω.
Proof. Let us denote by E := {µ}⊥⊥ the band generated by the invariant measure
µ, which consists precisely of those measures that are absolutely continuous with
respect to µ. In view of the equality
µ = T (t)µ =
∫
Ω
kt(x, · ) dµ(x)
it follows from the t0-regularity of T and Remark 4.2 that µ is equivalent to kt(x, · )
for all x ∈ Ω and t ≥ t0. Hence, for every measure ν > 0,
T (t0)ν =
∫
Ω
kt0(x, · ) dν(x)
is equivalent to µ, so that T (t0)ν ∈ E for every measure ν > 0. Replacing ν by
T (t0)ν, it therefore suffices to show that
lim
t→∞
T (t)ν = ν(Ω) · µ
for all ν ∈ E.
Let S(t) := T (t)|E denote the restriction of T (t) to E. Then the semigroup S :=
(S(t))t≥0 is clearly contractive and positive. Moreover, it is strongly continuous by
[9, Thm 4.6]. Fix r > s ≥ t0. Since the measures ks(x, · ) and kr(x, · ) are
equivalent for all x ∈ Ω, they cannot by disjoint. Hence, the operator
S := S(s) ∧ S(r) = (T (s) ∧ T (r))|E
is not zero as, by Theorem 2.5, it is weakly continuous and given by the transition
kernel q(x, · ) := ks(x, · ) ∧ kr(x, · ) satisfying q(x,Ω) > 0 for all x ∈ Ω.
In order to prove that the fixed space fix(S(t)) is independent of t > 0, we first
observe that for t ≥ t0 the operator S(t) is expanding (or strongly positive), i.e.
S(t)ν is a quasi-interior point of E+ for every ν ∈ E, ν > 0. Indeed, for A ∈ B(Ω)
with µ(A) > 0 we know that kt(x,A) > 0 for all x ∈ Ω and therefore
(S(t)ν)(A) =
∫
Ω
kt(x,A) dν(x) > 0
for every measure ν > 0. Since the semigroup S consists of expanding operators,
we have that
σp(G) ∩ iR ⊂ {0}
where G denotes the generator of S . This can be seen as in the proof of [5, Thm
3.1], where it was assumed that S consists of kernel operators. But the same proof
works for semigroups of expanding operators, see [5, Rem 3.5(b)]. Finally, by [4,
IV 3.8] one has that
fix(S(t)) = spann∈Z ker
(
2piin
t
−G
)
= kerG
for all t > 0. Since S is irreducible as it consists of expanding operators, we proved
that S satisfies the assumptions of Theorem 4.3 and the assertion follows. 
Using a discrete version of Theorem 4.3, see [5, Prop 4.1], one obtains the fol-
lowing result for Markov chains.
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Theorem 4.5. Let T ∈ L (M (Ω), σ) with transition kernel k such that the mea-
sures k(x, · ) and k(y, · ) are equivalent probability measures for x, y ∈ Ω. If there
exists an invariant probability measure µ, then limn→∞ T
nν = ν(Ω) · µ for every
measure ν in the norm of M (Ω).
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